Abstract. We give a short proof of the finiteness of the set of integral points on an affine algebraic curve of genus at least one, defined over a function field of characteristic zero.
Theorem (Manin) . Let K be a function field with constant field of characteristic zero and E/K an elliptic curve with non-constant j-invariant and v a place of K. Then the local height function λ v is bounded on E(K).
Proof. The points on E(K v ) that reduce to 0 mod v form a subgroup E 1 (K v ) isomorphic to the group of points of a formal group. Choosing an uniformizer t, as above, on E at 0, then E 1 (K v ) = {P ∈ E(K v )|t(P ) ∈ M v }, where M v is the maximal ideal of the local ring at v. Moreover, λ v (P ) differs from v(t(P )) by a bounded amount. Hence, it suffices to show that v(t(P )) is bounded above on E(K). Suppose not and choose P n , n = 1, 2, . . . in E(K) such that v(t(P n+1 )) > v(t(P n )) > 0. We claim that P 1 , P 2 , . . . are linearly independent over Z. Recall that t induces a group isomorphism between E r /E r+1 , where
), which proves the claim. On the other hand, the claim contradicts the Mordell-Weil theorem and this completes the proof.
Remark. On a curve of genus greater than one, if a sequence of points P 1 , P 2 , . . . approach rapidly a point P ∞ , then a similar argument shows that the P i − P ∞ are linearly independent over Z in the Jacobian of the curve, and Lang's result follows from this. The author and A. Buium [BV] have recently proved a conjecture of Lang to the effect that an affine open subset of an abelian variety of any dimension over a function field of characteristic zero has finitely many integral points.
